In this Letter, two counterexamples show that the superadditivity inequality of relative entropy is not true even for the full-ranked quantum states. Thus, an inequality of quantum channels and complementary channels is not also true. Finally, a conjecture of weak superadditivity inequality is presented.
Introduction
Let H and K be two finite-dimensional Hilbert spaces, L (H, K) be the set of all linear operators from H to K, if L (H) = L (H), we denote L (H, K) for L (H), T (H, K) the set of all linear superoperators from L (H) to L (K). A super-operator Λ ∈ T (H, K) is said to be a completely positive linear map if for each k ∈ N,
is positive, where M k (C) denotes the set of all k × k complex matrices. It follows from Choi's theorem [1] that every completely positive linear map Λ has a Kraus representation
µ is the adjoint operator of M µ . A quantum channel is just a trace-preserving completely positive linear super-operator.
Let D (H) denote the set of all the density matrices ρ on H. The von Neumann entropy S(ρ) of ρ is defined by
The relative entropy of two mixed states ρ and σ is defined by
The relative entropy is an very important quantity in quantum information theory [2] . It satisfies many significant relations such as monotonicity property under quantum channels [3] .
In [4, 5] , Petz studied the strong superadditivity of relative entropy. In [6] , Rau derived a monotonicity property of relative entropy under a reproducible process. From which he obtained the following superadditivity inequality of relative entropy: 
Counterexamples
Firstly, we show that the superadditivity inequality (1.1) is not true.
where λ ∈ (0, 1). We have
which implies that
Thus, the inequality (1.1) is violated.
The following numerical example of the diagonal and full-ranked states ρ AB and σ AB given by M. Mosonyi show that the inequality (1.1) is also not true.
Example 2.2 (Random research). Let
Thus we have
Apparently, all states here are invertible and
which contradicts with the superadditivity inequality again.
Remark 2.3. Now, we show that an inequality of quantum channels and complementary channels is not also true since the superadditivity inequality is not hold.
In fact, Let ρ, σ ∈ D (H). Let Φ be a quantum channel from H to K,
According to the Stinespring representation of quantum channels, one has
The corresponding complementary channel is given by
is a linear isometry, and for all τ ∈ D (H), VτV † has, up to multiplicities of zero, the same eigenvalues as τ are clear. Thus,
which coincides with inequality (1.1). As (1.1) is not true, inequality (2.2) is also not true. That is,
In [7] 
They answered this question affirmatively in the classical case. However, the quantum case is still open. In view of this, we can ask the following questions:
(ii) What can be derived from Φ(ρ) = Φ(σ) ?
(iii) What can be derived from S(ρ||σ) = S( Φ(ρ)|| Φ(σ)) ?
For (i), M. Hayashi answered negatively in [9] .
Let ρ, σ and Φ be as follows:
where E j is a projector operator and ∑ j E j = 1. Then S(ρ||σ) = S(Φ(ρ)||Φ(σ)) and
It is clear that if λ(ρ) = λ(σ), then Φ(ρ) = Φ(σ).
This showed that no matter how close together ρ and σ are, the inequality (2.2) does not hold.
Therefore, it seems that the inequality (1.1) does not hold even if ρ AB and σ AB are closer in some sense.
It is said in [6] that the second law of thermodynamics, i.e., any reproducible process increases entropy, similarly implies that under a reproducible process macrostates become less distinguishable from the uniform distribution
where µ f , µ g are the so-called generalized canonical distribution It follows that full-ranked states are some kind of macrostates and a reproducible process (coarse-graining) could be a process which maps a full-ranked state into another full-ranked state. As the second law of thermodynamics reflects the fact that the macrostates tend to be closer to equidistribution, Rau intuitively thought that not only the distinguishability between any macrostate and the uniform distribution diminishes, but also the mutual distinguishability (described by the relative entropy) between arbitrary pairs of macrostates decreases. Thus, he proposed the following monotonicity inequality: for any two initial macrostates µ g and µ g ′ evolving under the same reproducible process to final macrostates µ f and µ f ′ , respectively, the relative entropy will decrease:
He concluded that the inequality (3.2) follows immediately if only one can show the monotonicity relation
where µ f (ρ) , µ f (σ) are the final macrostates evolved from ρ, σ under the same reproducible process, respectively.
The inequality (3.3) is the main result of Rau in [6] . When the removing correlations are considered, Rau obtained the superadditivity inequality (1.1) from inequality (3.3). Since the inequality (1.1) is not true, so, the inequality (3.3) is not also true. Thus, one needs to reconsider some related results which based on inequalities (1.1) and (3.3), for instance, the Lemma B5 in [8] , etc. In [10] , we have obtained the following result: 
Weak superadditivity inequality: A conjecture
where σ AB is a full-ranked state.
